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Abstract: In this article we investigate the ballistic behavior of diffusions in ran- 
dom environment. We introduce conditions in the spirit of (T) and (T') of the discrete 
setting, cf. [32j, [33j, that imply, when d > 2, a law of large numbers with non-vanishing 
limiting velocity (which we refer to as 'ballistic behavior') and a central limit theorem 
with non-degenerate covariance matrix. As an application of our results, we consider the 
class of diffusions where the diffusion matrix is the identity, and give a concrete criterion 
on the drift term under which the diffusion in random environment exhibits ballistic 
behavior. This criterion provides examples of diffusions in random environment with 
ballistic behavior, beyond what was previously known. 

Resume: On etudie dans cet article le comportement ballistique de diffusions en mi- 
lieu aleatoire. On montre que certaines conditions (T) et (T'), d'abord introduites dans 
le cadre discret, cf. [3^, [3^, entrainent en dimension superieure une loi des grands nom- 
bres avec une vitesse limite non nulle (ce qu'on appelle 'comportement ballistique'), et 
un theoreme limite central avec une matrice de covariance non degeneree. Pour illustrer 
ces resultats, on considere la classe de diffusions ou la matrice de diffusion est I'identite, 
et on donne un critere concret sur la derive qui entraine le comportement ballistique de 
la diffusion en milieu aleatoire. Ce critere fournit de nouveaux examples de diffusions en 
milieu aleatoire avec comportement ballistique. 



1 Introduction 

The method of "the environment viewed from the particle" has played a prominent role in 
the investigation of random motions in random environment, see for instance ^21, ^Hj, 
(22, 123; [2E]; [2^1' In thc coutinuous space-time setting, it applies successfully 
when one can construct, most often explicitly, an invariant measure for the process of 
the environment viewed from the particle, which is absolutely continuous with respect 
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to the static measure of the random medium, see pH], ^1], ^Ej, ^Ej, ^H], [22l 




|2,S| ■ |24| . |25| . However, the existence of such invariant measures is hard to prove in 
the general setting. The case of Brownian motion with a random drift which is either 
incompressible or the gradient of a stationary function, is tractable, see j2Sl; pi]- But 
many examples fall outside this framework, and only recent developments go beyond it, 
for they require new techniques, see ^3], ^1], ^Hj, [T7| . 

Progress has recently been made in the discrete setting for random walks in random envi- 
ronment in higher dimensions, in particular with the help of the renewal-type arguments 
introduced in Sznitman-Zerner see 0, H, 0, El, [HH, |S21, L33J, [34j, [SS], ISH- It 
is natural, but not straightforward, to try to transpose these results to the continuous 
space-time setting, and thus propose a new approach to multidimensional diffusions in 
random environment, when no invariant measure is a priori known. The first step in 
this direction was taken up in Shen [28 j . where, in the spirit of Sznitman-Zerner |36j . 
certain regeneration times providing a renewal structure are introduced. Then a suffi- 
cient condition for a 'ballistic' strong law of large numbers ('ballistic' means that the 
limiting velocity does not vanish, which we refer to as ballistic behavior) and a central 
limit theorem governing corrections to the law of large numbers, with non-degenerate 
covariance matrix, is given in terms of these regeneration times. 

In this article we show that under condition (T'), see H1.12p for the definition, when 
d > 2, the diffusion in random environment satisfies the aforementioned sufficient con- 
dition of Shen j2H]- We formulate the rather geometric condition (T') and are able to 
restate it equivalently in terms of the renewal structure of Shen see Theorem 18.11 
With (T') we are then able to derive tail estimates on the first regeneration time which in 
particular imply the above mentioned sufficient condition of Shen |j22j|, see Theorem 14.51 
In the discrete i.i.d. setting, condition (T') was introduced in the work of Sznitman, see 
[221 ^iid ISni; and some of our arguments are inspired by [221 and [HSl- As an application 
of our methods, we give concrete examples. In particular, we recover and extend results 
of Komorowski and Krupa |15| . 

Before describing our results in more details, let us recall the setting. 
The random environment is described by a probability space (0,^,P). We assume that 
there exists a group {tx ■ x S M.'^} of transformations on jointly measurable in x, lo, 
which preserve the probability P: 



On {^,A,F) we consider bounded measurable functions b{-) : Q ^ M.'^ and a{-) : Q 
W^^'^, as well as two finite constants b, a > such that for all a; G 



where | • | denotes the Euclidean norm for vectors resp. for square matrices. We write 




(1.1) 



|6(a;)| < b, \a{u;)\ < a, 



(1.2) 



b{x,uj) = b{tx{uj)), a{x,uj) = a{tx{uj)). 



We further assume that b{-, uj) and cr{-,uj) are Lipschitz continuous, i.e. there is a constant 
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K > such that for all oj efl, x,y e M'^, 

\b{x,u;) - b{y,uj)\ + |cr(2;,a;) - a{y,uj)\ < K\x - y\. (1.3) 
aa*{x, Lj) is uniformly elliptic, i.e. there is a constant u > such that for all uj £ Q,, x,y £ 

^\y\^ <\a\x,Lo)y\^ <iy\y\^, (1.4) 

where a* denotes the transposed matrix of a. For a Borel subset F C M'^, we define the 
c7-field generated by b{x,uj), a{x,Lo), for x S -F by 

nF = (T{b{x,-),(j{x,-)-xeF}, (1.5) 

and assume finite range dependence: there is an i? > such that for all Borel subsets 
F, F' C M'^ with d{F, F') =^ inf{|x - x'| : x G F, x' G F'] > R, 

Tip and TLp' are P-independent. (1.6) 

We denote by (C(M^, M"'), .F, VF) the canonical Wiener space, and with {Bt)t>o the 
d-dimensional Brownian motion (which is independent from {Q,A,¥)). The diffusion 
process in the random environment uj is described by the family of laws {Px,uj)x£R'i 
(we call them the quenched laws) on (C(M^, M'^), .F) of the solution of the stochastic 
differential equation 



dXt = a{Xt,uj)dBt + b{Xt,uj)dt, 
Xq = x, X eR'^, Lo e ri. 



The second order linear differential operator associated to the stochastic differential 
equation H1.7|) is given by: 

= I E + E^.(^'-^)^ • (1-8) 

To restore some stationarity to the problem, it is convenient to introduce the annealed 
laws Px, which are defined as the semi-direct products: 

Px=FxPx,^, forxGR'^. (1.9) 
Of course the Markov property is typically lost under the annealed laws. 

Let us now explain the purpose of this work. The main object is to introduce sufficient 
conditions for ballistic behavior of the diffusion in random environment when d > 2. 
These conditions are expressed in terms of another condition (T)^ which is defined as 
follows. Consider, for |/| = 1 a unit vector of W^, b, L > 0, the slabs 

Ui,b,L =^ {x eR'^ : -bL <x-l < L}. 
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We say that condition (T)^ holds relative to / G S"^ ^, in shorthand notation (r)^| /, if 
for all /' G S"^~^ in a neighborhood of /, and for all 6 > 0, 

limsupL"'^logPo[^T,r • < 0] < 0, (1.10) 

where T^^ ^ ^ denotes the exit time of X. out of the slab Ui^b,L, see (|2.ip for the definition. 
The aforementioned sufficient conditions for ballistic behavior are then condition (T) 
relative to the direction Z, in shorthand notation {T)\l, which refers to the case where 

dnni) holds for 7 = 1 , (1.11) 

or the weaker condition (T') relative to the direction I, in shorthand notation {T')\l, 
which refers to the case where 

(Trni holds for all 7 G (0, 1) . (1.12) 

Clearly (T) implies {T') which itself implies (T)^ for all 7 G (0,1). We expect these 
conditions all to be equivalent, cf. Sznitman |,S5| . however this remains an open 
question. The conditions (T) and (T') are not effective conditions which can be checked 
by direct inspection of the environment restricted to a bounded domain of W^. In the 
discrete i.i.d. setting, Sznitman (HH) proved the equivalence between a certain effective 
criterion and condition (T'). With the help of the effective criterion he also proved that 
{T)j and (T') are equivalent for ^ < 7 < 1. We believe that a similar effective criterion 
holds in the continuous setting, and it is in the spirit of this belief that we formulate all 
our results in Section |S1 and 0] in terms of condition (T') resp. (T)^. Later, in SectionlSl 
we verify the stronger condition (T) for a large class of examples. 

In Theorem IH.ll we show that the definition of condition {T)^\l, see (|l.l()|l . which is of 
a rather geometric nature, has an equivalent formulation in terms of transience of the 
diffusion in direction I and a stretched exponential control of the size of the trajectory 
up to the first regeneration time ri (see subsection 12.31 for the precise definition): 

Pq — a.s. lim Xt ■ I = 00 , (1-13) 
and for some // > 0, £'o[exp{^ sup l^tT}] < 00. (1-14) 

0<t<ri 

Following Shen [2H], the successive regeneration times Tk,k > 1, are defined on an en- 
larged probability space which is obtained by adding some suitable auxiliary i.i.d. Bernoulli 
variables, cf. subsection l2.3l The quenched measure on the enlarged space, which couples 
the trajectories to the Bernoulli variables, is denoted by Px,uj, and Px refers to the an- 
nealed measure P x Px^oj, cf. subsection l2.21 Loosely speaking, the first regeneration time 
Ti is the first integer time where the diffusion process in random environment reaches 
a local maximum in a given direction I G S'^~^, some auxiliary Bernoulli variable takes 
value one, and from then on the diffusion process never backtracks. 
The strategy of the proof of the above mentioned equivalence statement is similar to that 
of the analogue statement in the discrete i.i.d. setting, see Sznitman Nevertheless, 



5 



changes appear in several places, due among others to the fact that the regeneration 
time Ti is more complicated than in the discrete setting. 

Theorem l3.1l is very useful because conditions (|l.inp and (jl.l4p have different flavours. 
Condition H1.14|l is especially useful when studying asymptotic properties of the diffusion 
process, whereas (|l.injl is more adequate to construct examples. 

Together with the crucial renewal property (see Theorem I2.2|l induced by the regen- 
eration times Tfc, k > 1, the formulation (|1.14p is instrumental in showing that under 
(T'), and when d > 2, 

limsup (logu)"" logPo[n > n] < 0, for q < 1 + ^ — j, (1-15) 

see Theorem 14.51 The proof again uses a strategy close to the proof in the discrete case, 
see Sznitman [22] • We prove a seed estimate, see Lemma ^31 which is then propagated 
to the right scale by performing a renormalisation step, see Lemma 14.31 Interestingly 
enough, we do not require condition (T') to prove the renormalisation lemma. 
Under the assumption of H1.18|l and the finiteness of the first and the second moment of 
Ti, the Theorems 3.2 and 3.3 in Shen [2H] imply that: 

Pq — a.s., — > f , f 7^ 0, deterministic, with v ■ I > , (1-16) 

and under Pq, = converges in law on C(M, ,M'^), as s — > oo, to a 

. . . . . (1-17) 

Brownian motion B. with non-degenerate deterministic covariance matrix. 

Hence, when condition (T') holds, and d > 2, Theorem 14. 5| see also (|1.15p . yields a bal- 
listic law of large numbers and a central limit theorem governing corrections to the law 
of large numbers. Incidentally let us mention that as in the discrete setting, cf. Sznit- 
man (HH], [H^, condition (T') is a natural contender for the characterisation of ballistic 
diffusions in random environment when d > 2. However at present there are no rigorous 
results in that direction. 

As an application of our methods, we provide a rich class of examples exhibiting 
ballistic behavior. We first consider the case where, for some I £ S'^-^ and all to e all 
■I remains uniformly positive, and show in Proposition 15 . II that condition 
{T)\l holds. Hence we recover and extend the main result of Komorowski and Krupa pH] 
(which only asserts H1.16p when a = Id). 

Then we consider the case where a in Ijl.Tp is the identity. We prove in Theorem 15.21 
that, when d> 1, there is a constant Ce(b, K,d, R) > such that, for I E S'^~^, 

E[{b{0,uj) • /)+] > Ce E[{b{0,uj) ■ /)_] (1.18) 

implies condition {T)\l (and hence condition {T')\l). Clearly, when a = Id, the result 
of Proposition I^TTI is included in Theorem 15.21 Note that Theorem 15.21 covers additional 
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situations where 6(0, w) • / changes sign in every unit direction I. This provides new 
examples of baUistic diffusions in random environment. More details are included in 
remark 15.71 at the end of Section [3 

To prove Theorem 15. 21 we verify the geometric formulation Hl.llll of condition (T). How- 
ever it is a difficult task to compute the exit distribution of the diffusion out of large 
slabs under Pq, since the Markov property is lost under Pq. In the spirit of Kalikow |lfl| . 
we restore a Markovian character to the exit problem by virtue of Proposition lOl With 
the help of Proposition 15.41 we show that condition (T) is implied by a certain condition 
(K), see H5.2H)1 . which has a similar flavor as Kalikow's condition in the discrete i.i.d. 
setting, see Sznitman and Zerner [3B]- The proof of Theorem 15.21 is then carried out by 
checking condition (K). These steps are similar in spirit to the strategy used in the dis- 
crete setting, cf. lecture 5 of However, difficulties arise in the continuous space-time 
framework. 

Let us now describe the organisation of this article. 

In Section [21 we recall the coupling construction which leads to the measures Px^oj resp. 
Fx, cf. Proposition 12.11 On this new probability space one constructs the regeneration 
times Tfc, k > 1, which provide the crucial renewal structure, cf. Theorem 12.21 These 
results have been obtained in Shen j2HI; we recall them for the convenience of the reader. 
In Section 131 we prove the equivalence of Hl.lOjl and (|1.13|l . H1.14|l . see Theorem 13.11 
In Section^ we show H1.15p under the assumption of condition (T'), see Theorem 14.51 
Proposition 14.21 highlights the importance of large deviation controls of the exit proba- 
bility of large slabs. The renormalisation step is carried out in Lemma ^31 and a seed 
estimate is provided in Lemma ^3 

In Section [3 we show that condition (T) (in the geometric formulation Hl.lfljl ) holds 
either under the assumption of the uniform positivity of b{x, lo) ■ I for some unit vector I 
and all a; € all x € M"^, or under the assumption of a = Id and l|1.18p . 
In the Appendix, we provide some results on continuous local martingales and Green 
functions, that we use throughout this article. 



Convention on constants Unless otherwise stated, constants only depend on the 
quantities i',h,a,K,R,d,^. In particular they are independent of the environment w. 
Generic positive constants are denoted by c. Dependence on additional parameters ap- 
pears in the notation. For example, c(p, L) means that the constant c depends on p 
and L and on z/, 6, a, K, R, d, 7. When constants or positive numbers are not numerated, 
their value may change from line to line. 



Acknowledgement: Let me thank my advisor Prof. A.-S. Sznitman for introducing 
me to the subject and for his advice during the completion of this work. I also want to 
thank Lian Shen for his help and numerous discussions. 



7 



2 The Regeneration Times and the Renewal Structure 

In this section, we recall the definition of the coupled measures Px^oj (resp. Px) and of 
the regeneration times r^, k > 1, given in Shen We then cite the resulting renewal 
structure, see Theorem 12.21 For the proofs or further details, we refer the reader to Shen 

EHl. 



2.1 Notation 

We introduce some additional notation. For x S M*^, d > 1, we let Br{x) denote the open 
Euclidean ball with radius r centered in x. For U C M"^, we denote with U its closure, 

with diam(C/) = sup{|x — y\ : x,y £ U} its diameter, and, for measurable U, with \U\ 
its Lebesgue measure. A domain stands for a connected open subset of W^. For x E M, 
we define [x\ = sup{A; £ Z : k < x} and [x] = inf{A; £ Z : k > x}. For a discrete set 
A, we denote with j^A its cardinality. For an open set U in M'' and u G M we define 
the (^t)4>o-stopping times {{J-'t)t>o denotes the canonical right-continuous filtration on 
(C(M+,M'^),.F)): 
the exit time from U, 

Tu = mf{t>0:Xt^U}, (2.1) 
and the entrance times into the half-spaces {x ■ I > u} resp. {x ■ I < u}, 



T^'^= mi{t>0 : Xfl>u}, 
f^'^= mi{t>0: Xfl <u}. 



(2.2) 



We define as well the maximal value of the process {Xg • l)s>o till time t, 

M(t) =%up{X, •/:0<s<t}, (2.3) 

and the first return time of the process (Xg •l)s>o to the level —R relative to the starting 
point, as well as its rounded value, 

J = inf{t >0:{Xt-Xo)-l<-R}, D = \J] . (2.4) 



2.2 The coupled measures 

We need further notations. We let / be a fixed unit vector, and 

C/^ l^f + 5^^) ^ drf ^^^^ ^ g^^) _ (2.5) 

We denote by \j the canonical coordinates on {0, 1}^. Further, let Sm *== c{Ao, • • • , \m} , 

m G N, denote the canonical filtration on {0, 1}^ generated by (Am)meN and S *== 
ct{ Um'^m} be the canonical cr-algebra. We also write for t > 0: 

Zt = Tt ® S^t\ , ^ =V ® 5 = a{ U • (2-6) 
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We also consider the shift operators : m G N}, with 6'm : (C(M+,M°') x {0,1}^, Z) 
(C(M+,M'^) X {0,1}^, Z), such that 

(^m{X.,X.) = {Xm+.,Xm+-) • (2-7) 

Then from Theorem 2.1 in Shen |28| . one has the following measures, coupling the 
diffusion in random environment with a sequence of Bernoulli variables: 

Proposition 2.1. There exists p > 0, such that for every u; G and x G M"^, there exists 
a probability measure Px,uj on (C(M^,M'^) x {0,1}^, 2^) depending measurably on uj and 
X, such that 

1. Under Px,lu, {Xt)t>o is Px^w- distributed, and the Xm, m > 0, are i.i.d. Bernoulli 
variables with success probability p. 

2. For m > 1, Xm is independent of J-m ® ^m-i under Px,w Conditioned on Zm, 
X. o 6m has the same law as X. under P^™ ^, where for y G , X G {0, 1}, 

denotes the law Py^uj[ ■ |Ao = A]. 

3. Pl^^ almost surely, X^ G C/^ for s G [0, 1] (recall /OO)) ). 
4- Under Px Xi is uniformly distributed on (recall 

We then introduce the new annealed measures on {Q. x C(M_|_,M'^) x {0, 1}^ Zy. 

Px=¥>iPx,u, and Ex = ^>^Ex,^. (2.8) 

2.3 The Regeneration Times and the Renewal Structure 

To define the first regeneration time ri, we introduce a sequence of integer- valued {Zt)t>Q- 
stopping times Nk-, A; > 1, such that, at these times, the Bernoulli variable takes the 
value one, and the process {Xt • l)t>o in essence reaches a new maximum. Proposition 
12.11 now shows that for every environment u; G 0, the position of the diffusion at time 
A^fc+i is uniformly distributed on the ball B^'^k under Pq^uj. We define ri as the first 
A^A; + 1 such that, after time Nk + 1, the process {Xt • l)t>o never goes below the level 
Xn,.+i-1—R- In essence, the distance between the positions X^^-i and Xr^ is large enough 
to obtain, in view of finite range dependence, independence of the parts of the trajectory 
{Xt — XQ)t<ri-i and (Xi-j+t — X^^)t>o under Pq, so that the diffusion regenerates at time 
Ti under Pq. We define the regeneration times tj., k > 2, in an iterative fashion, and we 
provide the renewal structure in Theorem 12.21 

In fact, the precise definition of ri relies on several sequences of stopping times. First, 
for a > 0, introduce the (.7^t)t>o-stopping times Vfc(a), k > 0, (recall M{t) in (|2.3|1 and 
Tu in (I2I21): 

Vo{a) = TM{o)+ai Vk+i{a) = TM(lVkia)])+R ■ (2-9) 

In view of the Markov property, see point 2. of Proposition 12. 1| we want the stopping 
times Nk{a), k > 1, to be integer- valued. Therefore we introduce in an intermediate step 
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the (integer- valued) stopping times -/Vfc(a) where the process Xt ■ I essentially reaches a 
maximum: 

iVi(a) = inf I \Vk{a)] :k>0, sup |/ • (X, - Xy,)| < || , 

se[Vk,\Vk-]] ^ (2.10) 



k+i{a) = Ni{3R) o + Nk{a) , k>l, 

(by convention we set Nk+i = oo if = oo). In the spirit of the comment at the 
beginning of this subsection, we define the (Zf)t>o-stopping time A''! as 

A^i(a) = inf {iVfe(a) : A: > 1, A^^(„) = l} , iVi = Ni{3R), (2.11) 

as well as the (^t)t>o-stopping times 



Ri = Si+Do6s,. 



(2.12) 



The (Zt)f>o-stopping times A^fe+i, Sk+i and Rk+i are defined in an iterative fashion for 
k>l: 

'iVfc+i =' Rk + Ni{ak) o On, with = M{Rk) -Xr^-1 + R>R, 
Sk+i=Nu+i + l, (2.13) 
Rk+i =^ Sk+i + Do 9s^^^ 

(the shift ORf, is not applied to in the above definition). 

Notice that for all k > 1, the (Zf)t>o-stopping times N^, Sk and Rk are integer-valued, 
possibly equal to infinity, and we have 1 < Ni < Si < Ri < N2 < S2 < R2 • • • 1^ 
The first regeneration time ti is defined, as in by 

Tl *== infjS'fe : Sk < 00, Rk = 00} < 00 . (2-14) 

We define the sequence of random variables Tk, k > 1, iteratively on the event {ti < 00}, 
by viewing Tk as a function of (X , A. ) : 

Tk+l{{X.,X.)) = Ti{{X.,X.)) +Tk{{Xr, + . - Xr„Xr, + .)), k > 1, (2.15) 

and set by convention Tk+i = oo on {r^ = 00} . Observe that for each A; > 1, is either 
infinite or a positive integer. By convention, we set tq = 0. The random variables r^, 
k > 0, provide a renewal structure, see also Theorem 2.5 in Shen which will be 
crucial in the proof of Theorem 13.11 

Theorem 2.2 (Renewal Structure). Assume that pQ-a.s., ti < 00. Then under the 

measure Pq, the random variables Zk =^ {^{Tk+-)A{Tk+i-i) - ^r^', ^r^+i - ^t^'^ ^-fc+i - Tk) , 
k > 0, are independent. Furthermore, Zk, k > 1, under Pq, have the distribution of 
Zq = (XA(ri-i) - Xq] Xr^ - Xq] Ti) Under Pq[ ■\D = co\. 
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3 EQUIVALENT FORMULATIONS OF CONDITION (T) 



The following Proposition is also established in [2H1 (see Lemma 2.3 and Proposition 
2.7 therein): 

Proposition 2.3. Po-a.s. ri < oo if and only if Po-a.s. lim^^oo-'^r^ = oo. Furthermore 
Po-a.s. Ti < oo implies Po[D = oo] > (recall the definition of D in \2.4^ ). 

3 Equivalent Formulations of Condition (T)^ 

In this section, we provide an equivalent formulation of the condition {T)^\l, cf. (|l.l()p . 
in terms of a stretched exponential estimate on the size of the trajectory Xt,0 < t < ti. 

Theorem 3.1. Let I G S"^~^,0 < 7 < 1. One has the equivalence 

.{T),\l (3.1) 
• Pq — a.s. lim Xt ■ I = 00 , and for some fi > 0, £'o[exp{;U sup l^tP}] < 00 . (3.2) 

0<t<Tl 

3.1 The Proof of (fO|) (O 

Let us first show that 

Pq — a.s. lim Xt • I = 00 . (3.3) 

t—*oo 

We choose an orthonormal basis {fi)i<i<d of MJ^ with fi = I. By definition of condition 
(T)^|/, there are unit vectors li^+, k- in M/i +M/j, 2 < i < d, such that: 

k,± • /i > 0, • /i > 0, h- ■ ft<0, 

and, for /' = I, li^j^, li^^, 2 < i < d, b > 0, 

lim sup log Po [Xt • /' < 0] < . (3.4) 

Consider the open set V = {x €R'^,\x-l\ <l, X- li^± > -l,2<i<d}.V is a bounded 
set, hence we can find numbers ai^± > , 2 < i < d, such that 

P C {x G M'^ : X- li^± < ai,± ,2<i<d}. 

Since (T)^ holds relative to / and li^±, 2 < i < d, writing 

d d 

1=2 1=2 

we find by (^31) that 

lim sup L-T log Po [Tlv < T^] < . (3.5) 

L— >oo 



3.1 The Proof of JSU Q 
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Since Po[Tl = oo] < Po[Tlv < and the left-hand side increases with L, HH.5|1 imphes 
that Pq — a.s. hmsup^^oo Xt ■ I = oo . As a next step we observe that 



Mm sup L-'^ log Po [Tl o Oj^i < o 6*^,; ] < . (3.6) 

L^OO 2 i 3 i 



Indeed: 

Po[fl o < o ] < Poir^i, < ri] + Poifi o < tL o e^i , t^v = t\} , (3.7) 

2L3L 2^3^ 

and by (|3.5|1 we only need to estimate the second term on the right-hand side of (|3.7p . 
We define 

d+V = {xedV: x-l = 1}, 

and let {Bi{xi))i^i , Xi E dj^LV, I a finite set with cardinality growing polynomially in 
L, be a cover of dj^LV by unit balls, see above (j2.2|l for the notation. It follows from the 
strong Markov property and the stationarity of the measure P that 



J^E [sup,6B,(,^)P,,^[Ti < ry] = [sup ,65,(0) P.,.. [T^ < ri 



(3.8) 

For large enough L, it follows from the strong Markov property that for all w G il, 



the function x ^ Px,u)\P''_l < T^] is £^-harmonic on ^3(0), (3.9) 

2 



see for instance [llj p.364f. Harnack's inequality (see p. 250) states that there is a 
constant ch > 1 such that for all £^-harmonic functions u on B^{x), x G M"^, 

sup u{y) < CH inf u{y) , (3.10) 



which shows that 



E 



snv^eB,io)PxAT[L < Till < CH Po[f[L < Ti]. (3.11) 



Inserting (lOTIl in (ITSll . we see that H3.6|l follows from l|3.1|l . Prom an application of 
Borel-Cantelli's lemma we obtain that Po-a.s. for large integer L, 

tL <rio0^, +Tl 

3 2^ 

So on a set of full Po-measure we can construct an integer- valued sequence Lk y 00, 
with Lfe+i = [|Lfc] and r|^^^ < t^^ o 6^,1 +T[^,k>{). This shows iTOll . 

2 ^ 

We now show that for some fi > 

Eo[exp{fi sup < 00. (3.12) 

0<t<ri 



12 3 EQUIVALENT FORMULATIONS OF CONDITION (T). 



The proof is divided into several propositions. In a first step, we study the integrabihty 
properties of the random variable (recall (|2.4|) ) 

M=^ sup{{Xt-Xo)-l:0<t<J}, (3.13) 

i.e. M is the maximal relative displacement of X in the direction 1 before it goes an 
amount of R below its starting point. By virtue of the Proposition 12.31 and l|3.3|l . we 
know that Po[D = oo] = Po[J = oo] > (recall H2.4p V Hence we cannot expect M to be 
finite. Nevertheless we have the following Proposition: 

Proposition 3.2. There is fii > such that 

£;o[exp{/ii M^}, J < oo] < 1 - Mipsl, 

Proof. Let = {^)^ . By our previous result (|3.6|1 . we see that there is /i > such that 
for large integers k: 

Po [Lk <M < Lfc+i, J < oo] < Po \fi /2 o e^i < T[r,^ o J < exp {-^L^}. 

(3.14) 

Let /cq be large enough such that X^fc>A;o ^-^P {~ 2 -^fci — ^"^'4"°^^ • Further, let //i > 
such that < (|)'''/Ui < ^. Then l|3.14|l shows that for fco large enough, 

So[exp{/ii M^}, J < 00] 

< exp{//iL^J Po[J < 00] + ^ exp{/iiL^^J Po[^fc < M < L^+i, J < 00] 

< exp{/.iL^J (1 - Po[J = 00]) + exp{-f L^} 

< exp{/.iL^J(l-Po[J = oo]) + ^^<l-^[^, 

provided /ii > is chosen small enough in the last inequality. □ 

As a next step, we shall prove the integrabihty of exp {/x (X^-j • l)'^} under the ex- 
tended annealed measure Pq. Recall the {Zt)t>o- stopping times {Vk{a))k>o, (-/Vfc(a))fc>o 
and Ni (a) defined in subsection 12.31 As we will see in the proof of Proposition 13. 4| 
exp {fj, {{X]\i^(^a) ~ ^0) ■ 0''^} will Pl^y ^ key role in studying the integrabihty of 
exp {fj, {Xr-^ ■ l)^} under Pq. Let us therefore start with the following Proposition, which 
only assumes that, Pq — a.s., limt^oo Xt ■ I = 00, which we have established in (|3.3|1 . 

Proposition 3.3. Assume that limt^oo Xf I = 00 Po — a.s. Then, for each IJ-2 > there 
is ^3 > 0, such that for F-a.e. uj £ Q: 

sup 4,^[exp{^3 (((^iVi(a) - ^0) • 0^ - a^)}] < 1 + ^2- (3.15) 

x,a>R 



3.1 The Proof of JSU Q 
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Proof. Define Ai = {limt^oo Xf I = 00} . Observe that 

for P-a.e. w and for every x E M'^, Px,u[Ai] = 1 . (3.16) 

Indeed, by the stationarity of the measure P, Py[Ai] = 1 for all y G W^. Hence 
J dy Py[Af\ = 0, and by applying Fubini's Theorem it follows that there is a P-null 
set r C fi, such that for all a; ^ F and y outside a Lebesgue null set J\f{uj) C W^, 
PyA^I] = 0. Observe that for all x G W^, and a; G Jl, Px,lj[Ai] = PxA^i ° ^i]- It 
follows from the Markov property that for all x G M.'^, and to ^ T, Px,u[Ai o 61] = 
I]S_d Py,uj[Ai] Puj{l, X, y) dy = 1, where Puj{s,x,y) is the transition density function under 
Px,Lo (that is, for every open subset U of M^, Px,u^[X, £ U] = p^s, x,y) dy). The 
claim H3.16|) now follows. When Px,a;[^«] = 1 for all a; G and all x G M'^, Proposition 
4.8 in Shen [28j shows that (|3.15p holds for all to £ Q, when 7 = 1. By the same proof 
as given there, Proposition 13.31 follows from (|3.16p when 7 = 1. When < 7 < 1, using 
- < /3 - a for /3 > 1 V a, and iTTra with 7 = 1, we find [13 G (0, 1) such that 

sup £^a:,^[exp{/i3 (((Xjvj(a) - Xo) ■ ly - a"^)}] 

x,a>R 

< sup 4,^[exp {fi3 (((Xjv,(a) - Xo) ■ - a^)}, {X^^ia) - Xo) • / > 1 V a] + e < 4. 

x,a>R 

By Jensen's inequality, if n > 1 is large enough, we find 

sup ^.,^[exp {f (((X^,(,) - Xo) ■ l)^ - a^)}] < 4^ < 1 + /X2 , 

a;,a>_R 

which shows (j3.15p . □ 

Proposition 3.4. There exists /X4 > such that 

^o[exp{/X4(X,, -Z)^}] < 00. (3.17) 

Proof. Using that, Po-a.s., Xg^, ■ I < Xj^j^ ■ I + lOi?, A; > 1, (see the remark following 
(|2.13p ) we observe that 

^o[exp{;U4(X^, • l)'^}] = y^£'o[exp{;U4(Xg^^ • Z)"^}, Sk <oo,Do 63^ = 00] 

k>l 

< exp(^4(10i2)^) ^ ^o[exp{M4(XiV, • IT'}. < 00] = exp(/i4(10i?)^) ^ /i^. (3.18) 
fe>i fc>i 

Observe that, for A; > 1, see (|2.13p . 

I ■ ^Affc+i = I ■ Xr^ + I ■ (X7Vi(afe) - -'^o) o , 

with ak = M{Rk)-l-XR^+R G 2:^?^^, (in fact for any m > 1, ak-l{R^=m} is J^mi^^m-i- 
measurable, and Am is independent of !Fm (^Sm-i)- We recall that the shift Or^, is not 
applied to ak- Therefore, by the strong Markov property, cf. Proposition 12. H and, by 
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applying Proposition IH.HI fnotice that > R, k > 1, see H2.13jl ). we see that for all 
/i2 > 0, there is /X4 S (0,/i3) such that: 



hk+i <E Eq^^ exp {fi4,{l ■ Xr^Y'], Rk < 00, ExR^^,uj[ew {fJ-iil ■ (-'^Afi(afc) - -''^o))'^}] 



<E 



0,uj 



exp ■ XrJ"'}, Rk < 00, (1 + fi2) e^^" 



(3.19) 



Observe that with M from (|3.13p and Zi as in Lemma lOl of the Appendix, the following 
inequalities hold, when R^ is finite: 

ak<Zio Oj o 0s^ + M o Os, + 2R , 
l-XR^=l-Xs, + {l-{Xn-Xo))o6s,. 

^ V ' 

<Zio9j 

Insert them into the last term of (|3.iy|l . apply the strong Markov property at time Sk, cf. 
Proposition 123 (we use the same argument as above, that for m > 1, exp{//4(/ • X^^,)'^} • 
l^Sk=m} is J^m 5m- 1 -measurable, and Am is independent of J^m '^<Sm-i), then use the 
strong Markov property for the process {Xt)t>o at time J on the event it is finite, and 
obtain (observe that M is ^j-measurable) 



h 



k+l 



<e/^4(2R)- E [^0,.. [e^*('-^5fe)', 5fc < 00, (1 + ^2) ^x. ,..[exp {^4(2^7 o 0j + M^)} , J < 00] 



<e/^4(2i?)- E 



E, 



0,ui 



, 5fc < 00, (1 + ^2) Exs^ ,^ fe^*^'" [e"'^*^! ] , J < 



00 



From Lemma l?m of the Appendix, we know that, for fi^ S (0,5), sup^ ^ Ex^uj[e'^^*^^ < 
1 + /i2- Further we use that, Po-a.s.,{Xs,, — X^,^) ■ I < lOi?, fc > 1, and, that, after 
an application of the strong Markov property to the stopping time Nk, conditionally 
on ^^AT;,, Xi is uniformly distributed on B-^^k under ^, see Proposition 12.11 Let 



/is *== exp{/i4((2i?)''' + (10i?)'>')}(l + /X2)^, then we obtain that the last expression is 
smaller than 



/is IE 

=/i5E 



Eo,uj 



, J < 00 



'e^^^(i-^^,r',Nk<oo,El JEx„ 



J < 00 



1 



\Br\ 



dyE 



Ei 



E, 



, J < 00 



Since £'o,i.j[exp {/i4(A'jVj. -l)^}, N^. < cxd, y G B^'^kj is 'H|^,.;<y.i_4R}-measurable (see 
point (3) in the addendum ^| to Shen j2H|) and Ey^^[exp {fi^ M'^}, J < 00] is Ti-^^-iyy-i-R}- 
measurable, as a result of finite range dependence, see (|1.H|I . the above random variables 



3.2 The Proof of O Q 
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are P-independent. Hence, using the stationarity of the measure F and Proposition l,S.2( 
we obtain that 



■En 



, J < oo 



< (1 - a)En 



k <oo 



for some a > 0, provided /i2 > and ^4 G (0, fii A ^3 A 6) are small enough such that 
=e^4({2Rr+(W) (1 + ^^)2(1 .^ail^) < It follows by induction 

that 



hk+i < (1 - a)^^o 



00 



so that, by HH.18|1 . and by virtue of Proposition 



En 



k>0 



which is our claim itTTTIl . □ 

The assertion H3.12|l now readily follows. Choose r > such that V C Br{0), and let 
. Hence LV C B^j^{0), and by definition of the random variable ri in (|2.14p . 



2 4gf 



sup {Xtp > L 

0<t<Tl 



< Po[Trr, < n] < Po[Trr, < TI] + Po[T.^ = TI T,^ < n] 



<Po[Ti^ < T[] +Po[Xr,-l>L- 3R]. 

(3.20) 

Applying (|3.5p to the first term on the right-hand side of (|3.2np . and applying Cheby- 
chev's inequality and Proposition 13.41 to the second term on the right-hand side, we 
find 



limsupL-^logPoi sup \Xt\'^ > L] < 0. 

L^oo 0<t<Ti 



(3.21) 



Thus, for some ^ > small enough, 

-E'o[exp{/i sup l-'^tl'''}] = 1 + ^ exp{/iL}Po[ sup \Xt\'' > L] dL < 00 , 



0<i<ri 



0<t<Tl 



and II3T2II follows from STT\ 



3.2 The Proof of (lOl^ ^ rtOT) 

By Proposition we know that lim^^oo Xfl = oo Po-dt.s. implies ri < 00 PQ-as., and 
hence Theorem holds. To verify condition {T)^\l, we first show that the diffusion has 
an asymptotic direction v under Pq, with v ■ I > 0, see Proposition 13.51 The claim l|3.ip 
is implied by Lemma [3. 7| which is immediate for d = 1, and which follows from a control 
on the oscillations of the diffusion orthogonal to v under Pq, see Proposition 13. 6| when 
d>2. 
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Proposition 3.5. li holds that 

Pn — a.s., —— — > V = — ana v ■ I > 0. (3.22) 

\Xt\ t^^ \EQ[Xr^\D = oo]| ^ ' 

Proof. By definition of ri, X^-^ ■ I > PQ-a.s., so v is well defined and v ■ I > 0. By 
assumption, Eo[Xr^\D = oo] < oo. The strong law of large numbers applied to the i.i.d. 
random variables A^Tfc+i — A^t^, k >1, (cf. Theorem 12. 2p yields 



1 

k"''' k-,oo 



-Xr, ^-^ Eo[Xr,\D = oo] Po-a.s. (3.23) 



For t > 0, define k{t) via 

Tk{t) < t < T-k{t)+i, (3-24) 

i.e. k{t) is the number of regenerations up to time t. Clearly pQ-a.s. k{t) — > co. Write, 
for k{t) > 1, 

The modulus of the second term on the right-hand side can be bounded by 

sup ^ l^(rfc(t)+s)Ar,(t) + i - Xr,^t)\- (3-26) 



s>0 



Since Xrf,-! = 1, A; > 1, it follows from Proposition 2.1 that, pQ-a.s., Xu € U^^k-^ for all 
u G [rfc — IjTfc], and we thus find that Po-a.s., 

I l^(Tfc+s)ATfc+i - Xr^^\< I |^(Tfc+s)A(rfe+i-l) " ^^Tfc | + ^ • (3.27) 

For k > 0, let Yk '= sup^>o l-^(Tfc+s)A(rfe+i-i) ~ -^Tkl- From Theorem 12.21 we know that 
the random variables Yfc, k > 1, are i.i.d. random variables under Pq and are distributed 
under Pq as Yq under -Po[-|D = oo]. Hence, applying Chebychev's inequality and Theorem 
12.21 we find by virtue of H3.2p that, for e > 0, there is > and a < oo such that for 

k> 1, 



Pn 



< exp{-/i(A:e)^}^o[exp{/i|nr}] 

exp{— ^(A;e)'^}£^o[exp{^sup |D = oo] < a exp {—fi{key}. 



s>0 



Applying Borel-Cantelli's lemma, we see that, Po-a.s., ^I^^fcl — > 0, and hence, Po-a.s., 



k—>oo 



kjt)\Yk^t)\ , — ' 0. The claim l[T22|l now follows from ST2^ . ^^^and from lfT27ll . □ 



Denote by n( • ) the orthogonal projection on the orthogonal complement of v: 

IL{w) '= w — {w ■ v)v , (3.2^ 



3.2 The Proof of O Q 
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and let =^ sup{t > : • / < n} be the time of last visit of the half space {x - l < u} 
by X. . The next Proposition gives a control on the oscillations of the process orthogonal 
to V, when d> 2. 

Proposition 3.6. (d> 2) 

Assume For p G 1] and a> 0, 

limsupn-(2''-^)^T''logPo[ sup \U{Xt)\ > au^] < 0. (3.29) 

Proof. Without loss of generality, we can replace |n(Xt)| by Xt ■ w, where G M"^ is 
such that w ■ V = 0. Recall the definition of k{t) in H3.24|l . Notice that Po-a.s., for 
A; > 1, {Xr^ - Xr^^^) ■ I > 21R/2. Indeed, by Theorem E21 it suffices to prove the 
statement for A; = 1. Recall that tq = 0, and observe that (Xy^(3^) — Xq) ■ I > 3-R, all 
A; > 0, and hence we find (-'^7Vi(3_R) ~ "^o) ■ ^ ^ 5R/2, all k > 1. Consequently, since 

^7Vfe(3ij) ■ ^ ^ ^Ni{3R) • we obtain (Xjv,(3k) - -'^o) • ^ > 5R/2, and since Xni(3R) = 1, we 
find from Proposition 12. H as well as from the definition of ri and the stopping times 5^, 
fc > 1, that {Xri -Xo)-l> {Xs^ -Xo)-l> {X^^^^iij - Xq) ■ I + 8R > 21R/2. Since, 
for < t < LJj, -'^rfe(t) ■ I < u + R, it follows that k{t) < 21R/2 - 1' \a.Yge enough. Let 

def 

X* = supt<^j \Xt - Xq\. For t > it holds Po-a.s. that 

XfW = -W + iXt- )-W< Xr^^^^ -W + X* O Or^^^^ . 

It follows that 



Po[ sup XfW> auP] < V Po[Xr^ - w + X* oOr^y auP^ 

0<t<L^ 



0<k<^ 



< ^ P,[X*oe,^>^uP]+ {Po[Xr,-W>1nP]+Po[{Xr,-Xr,)-W>^u'']). 



(3.30) 

Applying first Chebychev's inequality, then Theorem 12. 2l to the first term of the last line 
of (|3.3()p fwe use the same decomposition of the path as in (|3.27p ). and with H3.2p applied 
to both the first and the second term, we find that there is A > 0, such that for large u, 
(|3.3()|1 is smaller than 

exp{-A(f txT} + E PoiiXr, - Xr,) ■ w > ^uP]. (3.31) 

l<k<^ 

If 7 G (0,1), the claim H3.29p follows from Theorem 12.21 and from Theorem A.l. in 
the Appendix of Sznitman [221- If 7 = 1, then, as above, we first apply Chebychev's 
inequality and then Theorem 12.21 to (|3.3ip and obtain that it is smaller than 

exp{-Afn''}(l+ Eo[exp{XXr,-w}\D = oo]^~^) < exp{-Af 'u''}(l+^ exp{^if(A)}) 
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provided, we define, for |A| small, 

H{X) = log Eo[exp{XXr, ■ w}\D = oo]. 

H{-) is a convex function, and, since Eo[Xr^ ■ w\D = oo] = 0, we see that H{0) = 
0, H'{0) = 0, H{-) > for A > 0, and H{X) = ©(A^), as A ^ 0. If p = 1, choose A > 
small enough such that H{X) < X^R, and (|3.29|1 holds. In the case p G 1), we instead 
choose for a sufficiently small u > 0, X = vu^~^, and conclude in a similar fashion. □ 

Let R{-) be a rotation of such that R{ei) = v. For e > 0, consider the cylinder in 

^e,u def ^ ^ ^^I^q)^ ^ (3 32) 

where, for r > 0, B!^^^{0) stands for the {d — l)-dimensional Euclidean ball with radius 
r and center 0. (C"^'" is understood as R{—eu, when d = 1). 
The next step is 

Lemma 3.7. Assume i'l For e > 0, 

limsupn"'^logPo[Tc^>" < ^1] < 0. (3.33) 

Proof. Let us first handle the case d = 1. From Chebychev's inequality and (|3.ip . for 
large u, we find a > such that 

Po[r„, < r|] < Po[r„. < oo] < Po[ sup \Xt\ > eu] < exp{-au^} , 

0<t<Tl 

and iTOHll follows. When d>2, write 

Po[7b^- < n] < Po[r„e < sup{|n(Xj)i : t < r„j <^i-vu]+ 

Po[r\, < r|, f / • < sup{|n(Xt)| : t < r„j < f n] + Po[7b^." < A r|]. 

(3.34) 

Let us first estimate the probability of the leftmost event on the right-hand side of (|3.34p . 
Observe that on this event, 

Xfo ■ I = Xj,(, ■ vv ■ I + Il{Xj,i, ) ■ I < —-U V ■ I . 

— eu —eu —eu 2/ 

Hence, with the help of l|3.2|l . for large u, we find a > such that the probability of this 
event is smaller than 

Po[rl.,,„<oo]<Po[ri>?.^.J<Po[ sup |Xi|>f/.i)n]<exp{-ann. 

2 2 0<t<ri 

To bound the rightmost term of H3.34|l . notice that {Tq^,^ < T^ue A Tu} C 

e 

{suPq<j<2;' |n(^t)| > and then apply Proposition l3.6l with p = I- The bound 

— — (c/2 + l/e)u ^^^^ 

for the middle term of (|3.34p equally follows from a direct application of Proposition 13.61 
with p = I- □ 
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Now IjH.ip easily follows. Indeed, choose e > such that e < 26 A The last 
estimate also holds for unit vectors /' in a neighborhood of I, and, with the notation 
d+C^'^ = {x S dC^'^ : X ■ V = L/e} for the "top part" of the boundary of the cylinder 



and similarly d-C^' = {x G dC 



,L . 



X-V 



-eL} for the "bottom part" of the boundary. 



it follows that is contained in the complement of C/;/ b ^,, whereas d-C^'^ lies inside 

Ui'^b,L- As a result, we find that for unit vectors as above. 



lim sup L log Pq 

L— +00 



Xtj, 



< hm sup L ^ log Pq 

L— >oo 



<0, (3.35) 



which is our claim H3.ip . 

Remark 3.8. In the same way as in \H.!-i5\) . we see that, 

if (T)^|/o holds for some Iq £ S'^~^ , then (T)^\l holds iff I ■ v > . 



(3.36) 



4 Tail estimates on the first renewal time ri 

The ballistic law of large numbers and the central limit theorem established in Shen j2H] 
(see (|1.16|1 and (jLlTp ) respectively follow from Pq-&.s. limt^oo • I = oo, £^o[''"i] < oo 
and from Po-a.s. lim^^oo -^t • ^ = oo, -^oiTi] < oo. In this section, we are going to 
derive tail estimates on ri under the assumption of condition (T'). These will ensure the 
finiteness of every moment of ri when d > 2, see H4.35|l . The arguments in this section 
closely follow section 3 in Sznitman jS^. 

For a bounded domain [/, and / a bounded measurable function on U, introduce the 
semigroup corresponding to the diffusion killed when exiting U, see H2.ip for notations, 

R^^Jix) E,^M\Xt),Tu > t], (4.1) 
and a threshold time related to the decay of the semigroup, 

t^U) = inf |t > : ||<^||oo,oo < ^1 = inf |t > : snpP^,^[Tu > < ^} • (4-2) 

Consider further the successive returns of X. to Bi{x) and departures from B2{x), 

Rf = inf{s > : X, G Bi{x)}, Df = inf{s > Rf : Xs ^ B2{x)}, (4.3) 
and inductively, for n > 0, 

K+i = Dl + RI o , Dl^, Rl^^ + Df o On^^^, . (4.4) 

Lemma 4.1. There is a constant c such that for all bounded domains U and u G one 
can find xq in ■^^'^ within distance 1 of U such that 

inf ft,„W.>T„l<^«^, (4.5, 
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4 TAIL ESTIMATES ON THE FIRST RENEWAL TIME n 



Proof. Cover U by unit balls centered in and let {yi)^i, N < cdiam(?7)'^, be an 

enumeration of the centers of these balls. Choose 6 < t^{U)/2, then, by definition of 
tu}{U), we can find an xi in U such that Pxi,uj[Tu > ti^{U) — 6] > ^. Hence \t^{U) < 
^{tuj{U) — S) < Ex-i^^uj[Tu]- Applying the strong Markov property to the stopping times 

and using the fact that sup^^g^ ^'^Pi,x(^Bi{yi) ^x.w [^B2(s/i)] ^ ^^'^ instance 

p. 365, yields 



^ r T(7 



N oo 

i=i j=i 



Di 



N oo 

i=i j=i 



Rf < Tu 



(4.6) 



For j > 2, successive applications of the strong Markov property show that 
Px.ARf < Tu] =Ex,,^[R]U < Tu, Px^y, ART < Tu] 



< sup P,,^ [Rf < Tu] Px, ,u [Pf L i<Tu] 

z£dB2{y^) 

< ( sup P,,^ [Rf < Tu] Px, [Rf <Tu]. 

z&aB2{yr) 

Using the last estimate, we see that the last expression in (|4.6|1 is smaller than 



TV 



IT 



PxrARi <Tu] 



< 



cdiam{Uy 



^ inf^e9B2{y.) PzA^-T > ^u] infi<i<Af ini^^QSiiy,) PzA^T > ^u] ' 
The claim (|4.5|1 now follows. □ 
For (3 £ (0, 1] and L > 0, we denote by Ujs^L the set 

Ui3,L = {x gR'^ : x-l £ (-L^, L)}. 

The next Proposition shows that the control of the tail of the variable ri can be ob- 
tained from the derivation of large-deviation-type estimates on the exit distribution of 
the diffusion out of C//3,l- 

Proposition 4.2. Let d > 2, and assume that (T') holds with respect to I G S'^~^ . If 
(5 G (0, 1) is such that for any a > 0, 



lim sup L ^ log I 



L— >oo 



Pr 



O.o; 



Xt,j • / > 



< exp{-aL^} 



< 0, 



then 



lim sup (log n) ''logPo[ri > u] < 

u— »oo 

for any C < (when (T) holds, one can choose C = 



(4.7) 
(4.8) 
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Proof. Let i2 be a rotation of such that R{ei) = I. For L > write 

Cl = R({-L/2,L/2f^ and "54 = x + i? ((-1, 3) x (-1, 1)^^-1 

Prom the Support Theorem, see fT\ p. 25, we know that there is a constant k > such 
that for all a; e and all u; G 

inf P^^[Xi G Bi(a; + 2/),rv^ > 1] > K > 0. (4.9) 

zG-Bi(x) 2 

For n > 1, denote A('u) =^ L gi^°^"/^) J and L(n) =^ A('u)i Let /3 G (0, 1) and C < ^• 
Write 

Po[ri > u] <Po[n > u, Tc,^^^ < n] + Po[Tc^(„) > u] 

<Po[ sup \Xt\ > L{u)/2] + Po[Tc„„) > u]. (^-^^^ 

0<t<ri 

Using Chebychev's inequality and condition (T)^|/, 7 close to 1 such that ^ > Ci we find 
that 

limsup(logn)"'^logPo[ sup \Xt\> L{u)/2] <Q. (4.11) 

u^oo 0<t<ri 

Hence, by means of H4.ir)p . it suffices to show that 

limsup(logu)"^ logPo[7b^(„) > n] < 0. (4.12) 
Recall the definition of ti^{U) in (j4.2jl . and denote by T the event 

r^^Le^l: UCLiu)) > • (4.13) 

I (logn)/3j 

It follows from Lemma ITTl and the Markov property that for large u 



Po[Tc^(„) > n] < E T^Po,.[^c^(„) > u] +F[T] < 



1 



2 + F 3 X2 G n ^Z'^; inf P,,^[Pf > Tc.^^J < 



cL{uy {log u) 13 



u 

(4.14) 



(Notice that, if X2 would not belong to Ci(^u)i then we would find from the Support 
Theorem, see (2] p. 25, that for every z G dB2{x2), Pz,u)[RT > 'Pc^^-,] > c > 0, which 
contradicts the rightmost event in the last line for large u.) Choose x = X2 + 2A{u)l. 
By the strong Markov property, we see that 

inf PzAR?>Tc.,.,]> inf P.AR? > Rf] Jni P.^R? > Tc,J- 
zGaB2{x2) z€dB2{x2) zGaBi{x) 

(4.15) 
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Let y G dB2{x2). One way to hit Bi{x) before returning to Bi{x2) when starting at y is 
the following: we hit Bi(x2 + 21) before hitting Bi(x2) which happens with probability 

2 

at least where k is a positive constant, see the Support Theorem p. 25 in j^- Then we 
hit B\{x2 + '^l) without exiting Vx2+2i which occurs with probability at least k, see H4.9p . 
Then continue hitting Bi{x2 + 2{k + 1)1) without exiting Vx2+2kU 1 < ^ < ^(^) ~ 
until landing in Bi{x). Hence 

inf P^^[i?f^ > m] > > ku-l. (4.16) 

Together with (|4.15p . this shows that for large u, on the event T, see H4.14|l . 

inf P.AR? > Tc.,J < inf ^ P.^R? > ^c,,.,] < u'l (4.17) 



In particular, by a similar argument as given below (|4.14p . we see that, for large u, 
B^^x) C Cny^y By the same argument as in H,S.9p . it follows that, for large u, P.^^^lR^^ > 
-^C'l{u)] /^a;-harmonic on i?3(x), and (|3.inp shows that 

PxAR? > Tc,,J < CH inf P.AR? > Tc,J ■ (4.18) 

z(iaB\(x) 

It follows from H4.17p and (|4.18p that for large u, 

PxAXt^+u,^^^^, ■l>x-l]< PxART > Tc.iJ < CHU-'^ < exp ( - cL{u)P). 
Using translation invariance and H4.14p . we find 

Po[?b,(„) > n] < (^-J + cL(n)'^p[Po,..[XT^^_^(^, • Z > 0] < exp ( - cL{u)^)\ , 

and 1ITT2II follows from (g^l). This proves H4.8p . □ 

We shall now derive upper bounds like (|4.7p under the assumption of condition (T'). 
By means of Proposition 14. 2| we then obtain tail estimates on the first renewal time ti. 
We first need some notation. For /? > and L > 0, consider the lattice 

Cp^L = LZx {{2d + 1)L'^ + 2R)r^-^, 

and, for w G M*^, we introduce the blocks 



Bi,p,l{w) = R{w + [0, L] X [0, L^^-^), 

B2,pAw) = R{w + {-dL^, L] X {-dL^, {d + l)L^)'^-^), 



(4.19) 



where i? is a rotation of M'' such that R{ei) = and v is the asymptotic direction of the 
annealed diffusion (that exists under (T'), see Proposition IH.5p . We shall also consider 
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the following subset of the boundary of -B2,/3,l('"^); which is a subset of the 'top part' of 
the box, 

as well as the random variables 

Xp^Liw) = - log _inf ^P,,^ e d+B2,p,L{w)\ . (4.20) 



a;eBi,/3,L(w) 



To obtain an upper bound like H4.7|l under (T'), it is instrumental to produce a control 
on the tail of the random variable Xi3^l{w) for some P G (0, 1) under (T'). Indeed, we 
devise an escape route for the diffusion through the "right" side of Up^L by piling up in 
the direction v a finite number of boxes of type B2^p^L- An atypical behavior of the exit 
distribution out of the slab Up^i under Pq^^j as in H4.7p implies an atypical size for at least 
one of the Xj3^i{w) in one of the piled up boxes. Hence, to produce an upper bound like 
(|4.7|l . it suffices to show that, for large L, the probability that Xp^L{w) is bigger than 
const decays exponentially with L for some {3 G (0, 1). 

We prove in fact a stronger statement. Namely, we show that the above probability 
decays exponentially with L^, where C, < f{l3) = d{2f3 — 1), with (3 restricted to the 
interval (1/2, 1), so that for suitable values of (5 close to one, C can be chosen larger than 
one, since d > 2. By means of a renormalization-type argument, see Lemma l4.3| we 
reduce this task to showing a substantially weaker estimate. Indeed, it now suffices to 
prove for some /3o slightly larger than 1/2 that the probability that Xp^^iiw) is bigger 
than const decays exponentially with Lf°^^\ where /o(/?) = /3+/?o — 1, and (3 G (/3o, 1)- 
This "seed-estimate" is then provided in Lemma ^31 under the assumption of condition 
{T'). 

We begin with the renormalisation step. Surprisingly enough, we do not need to assume 
condition (T'), in which case the rotation R in (|4.19p is an arbitrary rotation of W^. 

Lemma 4.3 (Renormalisation step, d > 2). Assume that Pq G (0,1) and /o is a 
positive function defined on [Po, 1), such that 

MP) > foiPo) + P - Po, PeiPoA) 
and, for P£ [Po,l), C < MP), 

limlimsupL"^ sup logF[Xpg^L{w) > L^'] < 0. (4.21) 

Denote by /(•) the linear interpolation on [Pq, 1] of the value foiPo) at Po and the value 
d at 1. Then, for P G [Pq, 1) and ( < f{p), 

lim limsupL"'^ sup logP[X^ l{w) > L^'] < 0. (4.22) 



Proof. We only give a sketch of the proof, since it is similar to the proof of Lemma 3.2 
in (HSj. For x ^ (Oi 1) defined via P xPo + 1 — Xi we consider the set 

Col = {z G £/3o,Lx, z • ei = 0, z • ei G [^L^ , 2 < i < d} . (4.23) 
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For w G M'^, attach at every w + z, z ^ Col, a "column of boxes" -Bi^^y^^x (•), made by 
piling up [-^^^^^J such boxes on top of each other. Each such column will provide a line of 
escape of the diffusion out of a box -B2,/3,l('W^) through d+B2^p^L{w). Every x E Bi^p i{w) 
is at most at distance VdL^ from a box -Bi,/3o,lx(-) in one of the aforementioned columns. 
From a similar argument as in (|4.16p . and from the strong Markov property, we see that 
for large L and ci = Vdlog ^, with k from l|4.9|l . J = [-^^^"'^J , 



J 

{X(3,l{w) > 3ciL^} C { min V Xp^^Lx{w + z + jL^ei) > 2ciL^} 

^eCoi ^ — ' 

j=0 



Using the independence of the variables Y{z), z G Col, and Chebychev's inequality, we 
find that for A > 0, 

P[X^,L(?i;) > 3ciL^] < n |exp{-AciL^}E[exp{|y(z)}]| . (4.24) 

Observe that, for z G Col and large L, the variables X/^g^ixiw+z+jL^ei) are independent 
when j is restricted to the set of even or the set of odd integers. It thus follows from 
Cauchy-Schwarz's inequality that the right-hand side of H4.24p is smaller than 

n |exp{-AciL^}n/=oE[exp{AX^o,ix(u; + z + jL'^ei)}]i/2| _ 

Since the random variables Xp^^x^x are non-negative, the quantity in the last line becomes 
larger when we omit the square roots, and an application of Fubini's Theorem yields that 
the last line can be bounded by 

c / r°° \ j+i 1 

n I exp{-AciL^}( exp{|ciL>^^«} + / Ae^" sup F[Xf^^ Lxiw') > u]du] \ . 
^eColL V J^LxPo uj'eRd ' ^ J 

(4.25) 

For A = L", a = xfoiPo) — xPo ~ ^ and < e < x/o(/3o), one can show that the integral 
in the rightmost term of l|4.25|l tends to as L — > cxd. Since AL^'^" tends to oo with L, 
we find that, for large L, 

sup F[Xf3,L{w) > 3ciL^] < exp{-|ciL^#Col} . 



Since #Col~ cL^<i-^'^(^-^M ^ as L ^ oo, we obtain that, for small e > 0, 

limsupL-(^-^o(^«)+'^(i-^)-^) sup log¥[Xp^L{w) > 3ciL^] < 0, (4.26) 



L—>oo 

which implies the claim. □ 

The next Lemma shows that, when d > 2, under condition (T'), the function /o(/3) = 
+ /3o — 1, £ [/?0) 1), fulfills the assumption of Lemma ^31 when Pq G !)■ 
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Lemma 4.4 (Seed estimate, d > 2, under {T')). Assume that/3o G (^,1). Then, for 
p> and P G [Po, 1), 



limsupL-('^+*-^) sup logP[X^o,L(it;) > pL'^] < 0. 

L— >oo wPR'^ 



(4.27) 



Proof. Choose rj G (0,1) small and then introduce x = /3o + l — /3g (/^O)!], and, for 
large L and u) G M'^ the boxes Bi{w) C B2{w), defined analogously as before, with 
[0,L] X [0,L^]^-i and {-dL^,L] x (-dL^, (d + 1)^^)'^-!) replaced by [0,Lo] x [0,L^«]'^-i 
and (-dL^o, Lo + 3] x (-??L*, (1 + ri)Ll^''Y-^) respectively, with the notation 



L - rjLf^o 



Define also Topi?2(w) = 5i?2(w^)n{x : x-v = w-v + Lq + 3}. Let (i3i(zj))jg/, Zj G Bi^w), 
I a finite set growing polynomially with L, be a finite cover of Bi{w) by unit balls. For 
L large, it holds that B^{zi) C B2{w),i G I, and by the same argument as in (|3.9jl . we 
see that G Top B2{w)] is £^-harmonic on B'j,{zi), so that H,S.1()|1 implies 

that for all i G /, 



P: 



Zi,LU 



XTf, , . G Top B2{w) 



< CH inf Pj:,uj 



e Top ^2(u;) . (4.28 



We say that w is good when 



inf P^.,^^ 
xeBi(w)) 



^ Top S2(t«) 



> 



2ch' 



and 6ac? otherwise. Hence, by (|4.28p . and using Chebychev's inequality and translation 
invariance, we obtain 



is bad] < V P [ inf P,,^ [Xt^ , , G Top B2{w)] < 



< 



is/ 



Xr, , G Top B2{w) 

B2{w) 



1 

<2 



<4|/| (Po[ sup |n(Xi)| > ryL*'] + Po[r < cx)] 



0<t<T}' 



(4.29) 



Notice that Lq ~ L^, so that, for large L, P|^g+3 < ^2Lx+3 ^ -^2Lx+3- Then, under 
condition {T)^\l, where 7 fulfills 7/3o > 2/?o — X) we find with the help of Proposition 13.61 
applied (with p = /Jq/x G (1/2, 1) and u = 2L^ + 3) to the first term on the right-hand 
side of (lOHl that 



limsupL-(2/3o-x) iogPp[ sup \Il{Xt)\ > r]L^"] < 0, 



(4.30) 



Lo+3 
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and, since {T).y\v holds, see H3.,S6|1 . we find with the help of Chebychev's inequality that 
there is /x > such that 

Po[fl.rPo < oo] < Po[ sup \Xt\ > dL^o] < exp(-;uL^^o) . (4.31) 
Lo<t<Ti -I 

According to our choice of 7, we obtain with H4.29p . (14.3011 and (j4.,SHl that 

limsupL~(2^''~^) sup logP[i(; is bad] < 0. (4.32) 



When starting in -Bi,/3o,l(w) Pi Bi{w + joLoCi), < jo < [L^~^\, for large L, one way 
to exit -B2,/3o,-i'(^) through 5+i?2,/3o,i(^) to successively exit the boxes B2{w + j LqCi) , 
jo < j < [L^~-^\, through Top B2{w + jLoei), and move to the box Bi{w + {j + l)Loei), 
which is at distance at most Vdr/L^" from every point in Top B2{w+jLoei), until landing 
in Bi{w + [L^~^jLoei) n Bi^p^^iiw), and then exit B2,i3o,l{w) through 5+S2,/3o,l(w^), 
which is at distance at most r/L^" from every point in Bi{w+ [L-^~^jLoei) r\ Bi^p^^^i{w) . 
When w and all w + jLoei, < j < [L^~-^\ , are good, then, for large L, it follows 
from the strong Markov property and from (|4.y|) that for all x G Bi^i3^^l{w), 

^^+^2.A,.l(-)] > >exp{-pL/^}, 

(4.33) 

provided > is chosen small enough such that §(1 + V^) log ^ < f 1 where p > is as 
in H4.27)l . Therefore, for large L, 

sup ^[X(3^^l{w) > pLf^] < L^'^ sup F[w is bad] , 

and the claim H4.27|l follows from H4.32|l together with the identity 2/3o-X = /^o+Z?-!- D 

We can now state the main result. With the help of the Renormalisation Lemma lT3| 
we propagate the seed estimate contained in Lemma to the right scale, and by piling 
up a finite number of boxes of the type 52,/3,L in the direction v, we obtain an upper 
bound like (|4.7|l . Proposition 14.21 then enables us to obtain tail estimates on ri. 

Theorem 4.5. (d>2) Assume that (T') holds relative to I. Then, for (3 G (^, 1), 

limsupL"^ logP [Po,a;[^Tt, • / > 0] < exp{-L^}] < for C < d{2(3 - 1), (4.34) 



L— >oo 



-'I3,L 



and 

limsup (logM)~° logPo[n > n] < for a < 1 + - — - . (4.35) 

ti^oo CX + i 

Proof. Let (3 and C be as in (|4.34|l . and choose (3o G (^, /?) close to ^, as well as (3' £ (/?o, (3) 
such that, in the notation of LemmaEHl /(/?') > C- By piling up N boxes -Bi,/3',l, -62,/?', l, 
< j < N , where A*" is chosen as the smallest integer such that 

Nl-v>l, 



we obtain from the strong Markov property that for large L, 
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PqA^Tu^^^ • / > 0] > exp |- Eiio^/3',i(i^ei)| so that 
[PoA^Ty, • / > 0] < exp{-L^}] < (iV + 1) supP \Xp,^L{w) > 



N 



(|4.34|1 now follows from H4.22p applied with /o(-) = (3q-\ 1, in view of Lemma ^31 For 

the proof of (|4.H5|I . let a G (1, 2d/{d + 1)), and define /? = . Then, for any ^ > 0, 

limsupL-i logP [Po,..[^T^, • ^ > 0] < expl-^xL^^}] < , 



L— >oo 



as follows from (|4.34p applied to (5' G such that (i(2/3' — 1) > 1. The claim now 

follows from Proposition 14.21 □ 



5 Examples of condition (T) 

We start with an easy example. 

Proposition 5.1. (d>l) If for some (5 > and all uj ^il, all x ^ W^, 

b{x,u;)-l>5, (5.1) 

then condition {T)\l holds. 

Proof Define for u G M, s{u) =^ exp{-|M}. It follows from ([1211, (EH) that s{Xt ■ I) 
is a supermartingale, and an application of Chebychev's inequality and of the stopping 
theorem yield that for all a; G 

PoAXtu,,^^ • ; < 0] < -^^Eo,^[siXT^^^^^^ . I)] < exp{-^L} . (5.2) 

The set of unit vectors that satisy (|5.ip is open, and hence condition (T)|/ holds. □ 

Consequently, when d > 2, we recover and extend the main result of Komorowski 
and Krupa [T5] . which provides a law of large numbers when a = Id. Proposition 15.11 
holds for a general diffusion matrix a that satisfies H1.2|l - (|1.6|1 . and we have in addition 
a central limit theorem, see H1.16p and H1.17p . 

We will now turn to a more involved situation. In the remainder of this section we 
now assume that, cf. (|L2|l . H1.7p . lfl~8|l . 

a{-)=Id. (5.3) 

The next Theorem provides a rich class of examples of diffusions in random environment 
which fulfill condition (T), and hence, when d > 2, a ballistic law of large numbers, and 
a central limit theorem with non-degenerate covariance matrix governing corrections to 
the law of large numbers, see (|l.lHp and l|1.17p . 
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Theorem 5.2. (d>l) Assume HI. 1]) - 111.6]) and i5.'il\) . There is a constant Cg > 0, such 
that for I £ 

E[(6(0, u) • /)+] > ce E[(6(0, io) • 0-] (5.4) 

implies {T)\l, of. il.ll]) . 



Theorem 15.21 is the main result of this section. Its analogue in the discrete i.i.d. set- 
ting can be found in ^ p. 40. In contrast to Proposition l5.H it comprises situations where 
b{0,uj)-l changes sign for every unit vector /, see also remark IKTtI at the end of this section. 

The proof of Theorem 15. 21 is inspired by the strategy used in the discrete i.i.d. setting, 
see 0] p. 40. Following Kalikow's idea, for each bounded domain [/, we introduce an 
auxiliary diffusion with characteristics independent of the environment, see H5.6p and 
(|n.8p . When starting at 0, this diffusion and the annealed diffusion have the same exit 
distribution from U, see Proposition 15.41 This restores some Markovian character to the 
question of controlling exit distributions of X. under the annealed measure, and enables 
us to show that condition (T) is implied by a certain condition (K), see (|5.2,Sp . which 
has a similar flavor as Kalikow's condition in the discrete i.i.d. setting, see The 
proof of Theorem 15. 21 is then carried out by checking condition (K). 
Let us now define the auxiliary diffusion process mentioned above. Let f7 be a bounded 
domain containing 0, and, for x,y G U , s > 0, denote with Pi^^ij{s,x,y) the subtransition 
density for the quenched diffusion started in x and killed when exiting U (^^^[/(s, x, y) 
can for instance be defined by means of Duhamel's formula, see equation l|6.9p in the 
appendix or jHIIj page 331). We define the corresponding Green function through 

def /"°° 

gu{x,y,uj) = / puj,u{s,x,y)ds . (5.5) 
We now define the auxiliary drift term 







[O, a X = or X £ U'' . 

The next lemma will be useful in the sequel. 

Lemma 5.3. It holds that \b'jj{x)\ < b (see 11. ^) for the notation), and gu{0,-,uj) and 
b'u{-) are continuous m C/ \ {0}. 

Proof. From H1.2p we see that |6[;(x)| < b. Theorem 9, p. 671 in ^ and the subsequent 
remark state that the subtransition density Pa;,l/(s, 0, •) is continuous in U. From l|6.4p 
in Proposition 16.21 and from similar computations as carried out between H6.1ip and 
H6.18p . and applying dominated convergence, we see that gu{0,-,uj) is continuous in 
U \ {0}. Consequently, by continuity of b{-,u;), see H1.3p . and an application of l|6.8p and 
dominated convergence, we see that b'jj is continuous in x £ U \ {0}. □ 



For / G C\W), define 



C'fix) ^Afix) + b'uix)Vf{x) , (5.7) 



29 



and denote with, cf. [21 p. 146, 

P^ u the unique solution to the martingale problem for £' started at x G M'^. (5.8) 

We write E'^ ^ for the corresponding expectation, and we denote with p^{s,x,y), x,y 
U, s > 0, the corresponding subtransition density (which can be defined by means of 
Girsanov's theorem, see equation (4.1) in (20]). Theorem 4.1 in [20] states that estimate 
(|6.4p in Proposition 16 .21 holds for p'jj. With the same arguments as given in the proof of 
statement H6.8p in Lemma lOj we see that the Green function 



oo 



9uix,y)'^= I p'uis,x,y)ds (5.9) 
Jo 

is well defined for x,y £ U, x ^ y, when d > 2, and for x,y £ U, when d = 1. The first 
step is 

Proposition 5.4. Let U be a bounded C°° domain containing 0. Then Xt^ has same 
law under Pq jj and Pq (see il.fjl^} for the notation). 

Proof. We drop the subscript U in P^jj and E'q ^ . By definition of the martingale 
problem, it holds for / e C^{W^) that 



E'o[f{Xt^Tu)]-fiO) = E', 



iATr, 



C'f{Xs)ds 



In particular, for / G C'^{U), it follows from Eq[Tu] < oo and from dominated conver- 
gence that 

E'oifiXT,)] = /(O) + E',[ r C'fiXs)ds] 

Jo 

= /(O) + / E'^[C'f(Xs), s < Tu]ds = /(O) + / g'uiO,x)C'f{x)dx. (5.10) 
Jo Ju 

In the same way it follows that for u; e fi, 

Eo,M{Xtu)] = f{0)+ [ guiO,x,u;)C^f{x)dx. (5.11) 

Ju 

Integrating l|5.1ip with respect to P, the definition of C (recall H5.7p ) shows that 

Eo[f{XTu)]=f{0)+ I E[5[;(0,x,c^)]£7(^)dx. (5.12) 
Ju 

Combining l[5T0|l and (l5T2|l . we obtain that for / G C'^{U) 

Eo[f{XTu)] - E'^[f{XTu)] = I {ngu{^,x,u:)]- g'u{^,x))C' f{x)dx . (5.13) 

Ju 
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Given 4) G C°°{U), we will now find functions Un G C'^{U) such that 

lim C'un{x) = for a.e. x G U, and m„ = (/> on the boundary dU . (5-14) 

n— >oo 

Choose functions G C°°{U), n > 1, which converge boundedly a.e. in U to b'jj. For 
(f) G C°^{U), consider the Dirichlet problem 

-Aun + b'jj^^Vun = in U, Un = 4> on dU . (5.15) 

Following theorem 6.14 p. 107 in 0, there is a unique solution Un in C'^{U). Fix p > d. 
The generalized problem 

C'u = OmU ,u-(peW^'^{U) (5.16) 

has a unique solution u in the Sobolev space W'^''p{U), see [Sj p. 241. Continuing our 
proof of (|5.14p . we will now show that 

sup sup I Vii„ ( j;) I < oo . (5-17) 

n x&U 

Define Wn '= Un — u, n > 1, and obtain by means of the Sobolev inequality, see [H| p. 158, 
that 

sup \Vunix)\ < sup |V'u;„(x)| + sup |Vn(x)| < c{p, U){\\wn\\w^,P(u) + \W\\w2,p{u)) ■ 

xGU xeU x£U 

(5.18) 

Wn, n>l, lies in the Sobolev space Wq'^{U) and solves (see H5.15p and (|5.16|) ) 

^Awn + h'u^n^Wn = {b'u " b'^^jVu in U . (5.19) 
Lemma 9.17 p. 242 in and dominated convergence show that 

\\wn\\w^.p{U) <c{P^U)\\{b'ir -b'uJ'^uWLPl^uj — >0. (5.20) 

Combining KTF\\ . K2()i\ and KWi yields itOTIl . (l5T5ll yields 

C'un = {b'u — b'un)^Un in [/, Un = 4> on dU, (5-21) 

which, together with (j5.17p . shows (|5.14p . Choosing / = in (j5.13p and applying 
dominated convergence gives 

Eq[<I,{Xt^)] = E'^[(t){XT^)] for all G C7-(C7) . (5.22) 

Since every function in C°°{dU) is the restriction of a function in C°°{U), see Lemma 
6.37 p. 137 in [8], the claim of the Proposition follows. □ 

We now introduce condition (K), and show that it implies condition (T). 
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Definition 5.5. Let / G S''^ ^. We say that condition (K)\l holds, if there is an e > 0, 
such that for all bounded domains U containing 

inf h'rj{x)-l>e, (5.23) 

xer/\{o}, dist(x,dU)>5R 

with the convention inf = +oo. 

Proposition 5.6. (K)|/ {T)\l (recall nH}) ). 

Proof The set of I e S'^''^ for which Km holds is open and hence our claim will follow 
if for such an I we show that 

limsup L-^ log Po[Xtu^ ^ ^ ■ I < 0] < . (5.24) 

L— >oo ' ' 

Denote with 11; (u;) '= w — {w- 1)1, w G W^, the projection on the orthogonal complement 
of I, and define 

Vi,6,L =^ {x G M*^ : -6L < a; • / < L, \Yii{x)\ < L^} . (5.25) 

In view of Proposition 15.41 we choose bounded C°° domains Vi^h,L such that 

Vi^b^L C {x G M'^ : -6L < X • / < L, |n;(x)| < + 5i?} C \b,L C Ui,b,L ■ (5.26) 

(When d = 1, Ili{w) = 0, and we simply have that Ui^b,L = Vi,b,L = Vi,b,L-) Recall (|5.8p . 
To prove (|5.24p . it will suffice to prove that 



lim sup L-^ log P'^ [XTy,^-l<L]<0. (5.27) 
Indeed, once this is proved, it follows from H5.26|l that 



lim sup L-^ log P' ,y [Xt- ■ I < L] < . (5.28) 



L— >oo 



Hence, with Proposition 15.41 statement (|5.28p holds with P^y^ replaced by Pq, and, 
using (|5.26p once more, (|5.24p follows. 

We now prove l|5.27p . By H5.26p and (|5.23p . we see that for x G Vi^b,L, 



if -6L + 5i?<x./<L-5i?andx/0, ^^^^^ 
—b, else 



We thus consider the process Xfl. We introduce the function «(•) on M, which is defined 
on [—bL, L] through 



u{r) = 



'aie"2^(^^-5-^)(a3 - g^M^-C-^'-^+SR))), if ^ g [-bL, -bL + 5R] , 
e-"2^^ if r G (-6L + 5i?, L - 5i?) , (5.30) 
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5 EXAMPLES OF CONDITION (T) 



and which is extended boundedly and in a fashion outside [— 6L,-L], and such that u 
is twice differentiable in the points —hL and L. The numbers ««, 1 < i < 5, are chosen 
positive and independent of L, via 

a^ = l + e20"^^, a, = e'^o"^^, = min(l, -e'^oS^), ai = = 1 + — • (5.31) 

e 4o ea2 

Then, on [— u is positive, continuous and decreasing. In addition, one has with 
the definition j{r) = ti'(r+) — u'{r^), 

j{-bL + 5R) = 0, and j{L - 5R) < . (5.32) 

On M*^ we define the function u{x) = u{x ■ I), and for A real, we define on x R the 

function Vx{t,r) =^ e^*u{r), and on M_,_ xM'^ the function vx{t,x) =^ v\{t,x-l) = e^^u{x). 
We will now find Aq positive such that 

v\q {t A ^ ^ , Xt/\Ty^ ^ ^ • /) is a positive supermartingale under P^y^^ ^. (5.33) 

Corollary 4.8 p. 317 in combined with remark 4.3 p. 173 therein, shows the existence 
of a d-dimensional Brownian motion Wt defined on {C(R_^^,'R'^), J^, P^^ ), such that 

P'y -a.s., Yt = Xfl = Wfl+[b'y {Xs)-lds. 

y>,Vl,b,L Jq Vl,b,L 

Writing u as a linear combination of convex functions, we find from the generalised Ito 
rule, see p. 218, that 

rt roc 

P^y -a.s., u{Yt) = l+ D-u{Y,)dYs+ kt{a)^i{da), (5.34) 

' ^'^'^ Jo J —OD 

where D~u is the left-hand derivative of u, A(a) is the local time of Y in a, and fi is the 
second derivative measure, i.e. /i([a, 6)) = D~u{b) — D~u{a), a < b real. Notice that the 
first derivative of u exists and is continuous outside L — 5R, and the second derivative of 
u exists (in particular) outside the Lebesgue zero set A = {—bL + 5R, 0, L — 5R}. Hence 
we find by definition of the second derivative measure, and with the help of equation 
(7.3) p.218 in ^ that P' - -a.s.. 



(5.35) 



At{a)fj.{da) = / At(a)lA-(a)u"(a) da + At{L - 5R) j{L - 5R) 

-oo J — oo 

=i / u"{Ys)lA4Ys)ds + At{L-5R)j{L-5R). 
Jo 

Another application of equation (7.3) p. 218 in shows that 

ft fOO 

P^y -a.s., lA{Ys)ds = 2 lA{a)At{a)da = Q. (5.36) 

' '■''■^ Jo J —oo 
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As a result, we find that P' - -a.s., 



/ D-u{Y,)lA{Ys)dYs = 0. (5.37) 
Jo 

Combining H5.35|l and H5.37|l . and by definition of the operator see IjS.Tp . we can now 
rewrite (15.3411 as the P' - -a.s. equahties 

u{Yt) =1+ [ u'{Ys)lA4Ys)dYs + \ f u"{Ys)lA^(Xs)ds + At{L - 5R)j{L - 5R) 
Jo Jo 

=1+ [ C'uiXs)lA^iXs ■l)ds + Kt{L - bR)j{L - bR) + Mt , 
Jo 

where Mt is a continuous martingale. In particular, u{Xt){= u{Yt)) is a continuous 
semimartingale, and applying Ito's rule to the product e^* • u(Xt) = vx{t,Xt), and using 
(15.3611 once again, we obtain that, P' - -a.s.. 



vx{t,Xt)= 1+ [ Xe^'u{Xs)ds+ [ e^' du{X,) 
Jo Jo 

= 1 + ^ {§-^+C')vx{s,X,)lA^{X,-l)ds + j{L-bR)j^ e^'dA^-^'^ + Nt, 



(5.38) 



where Nt is a continuous martingale. We find through direct computation that for 
X S Vi^b,L, and a suitable tp{x) > 0, using the notation Ii = {—bL,—bL + 5i?), I2 = 
{-hL + 'bR, L-5R), 13 = {L- 5R, L), 



[{d.+C')vx\{s,x)<i:{x: 



' A(e20^^a3 - 1) - 46(26 + 6'-^ if x ■ I £ h , 

X + a2e(ha2e - b'.y (x)-l), if x ■ I e h , 

A(a5 - 1) - 46(26 + 6'^^ ^ ^(x) ■ I) , if x ■ I e I3 ■ 

Hence, by (|5.29p and (|5.3H1 . we can find Aq > small such that for x £ Vi^h,L, x - l ^ A, 
the right-hand side of the last expression is negative. Since j{L — 5R) < 0, see (|5.32p . 
we obtain from (|5.38|) applied to the finite stopping time t A Ty^ ^ ^ that (|5.33|1 holds. 
We now derive the claim of the proposition from (|5.33p . When d > 2, the probability to 
exit Vifi^L neither from the "right" nor from the "left" can be bounded as follows: 

P'-, [-bL<XTy ■1<L]< 

P' ,y l-bL <Xt^ ■l<L,Tv,,, > %^L] + P' [sup \Xt\ > : t < ^L] . 

0,VibL^ ^l,b,L ' '^l,b,L Ao J OyibL^ I' I H — — Ao J 

(5.39) 

By Chebychev's inequality and Fatou's lemma, we find that the first term on the right- 
hand side is smaller than 

.Ao(4^L,L)^°'^''^'^'"'°^^'^''^'^'^'^"''^'^ ■ 



<c(6)e--^^^ hm inf i^^^^^^^ ^ {t A Ty,,, , • 0] ^^'^"^ 

<c(e)e-°2^^z;Ao(0,0) =c(e)e-"2^^, 
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5 EXAMPLES OF CONDITION (T) 



where, in the last inequality, we used (|5.33|1 . Applying (|6.2|1 in Lemma lfTD to the second 
term in the right-hand side of H5.39jl . we obtain, together with H5.4njl . that 

limsupL"^ log P' \-bL < Xr.r -l <L]<0. (5.41) 

L — ^oo ■ ' 

When d > 1, we bound the probability to exit Vi^b^L from the left by a similar argument 
as in (|5.4()p . and find that 

P'^ [Xt^ ■l = -bL]< """'f"'?,, <e~^(-)^. (5.42) 
o,Vi,b,L^ ^^i,b,L J uao(0,-6L) ^ ' 

H5.42|) . together with (|5.4ip . when d > 2, show (|5.27p . which implies condition {T)\l. □ 

Let us now turn to the 

Proof of Theorem 15.21 It suffices to verify condition {K)\l, which implies condition 
(r)|i, see Proposition 15.61 Let C/ be a bounded domain containing 0, and assume that 
there is 

X G [/ \ {0} such that dist(a;, dU) > 5R . (5.43) 

(otherwise {K)\l automatically holds). With x as above, 5 > 0, for / a non-negative 
bounded measurable function on U, we write 

fsi-) =^ f{-)'i-Bs{x){-) , and bf{-,uj) =^ {b{-,uj) ■ 1)±1bs(x){-) ■ 
Lemma E31 shows that 

b'uix) . Z = hm /■ b'uiy) -Idy. (5.44) 

If we choose 6 < \x\/2, it follows from (|6.6p and from H6.8p in Corollary 16.31 that 

0< inf E[guiO,y,u;)]< sup E[gu{0,y,oj)] < oo , (5.45) 
y<^Bs{x) yeBs(x) 

and we obtain by the definition of b'^^ see H5.6jl . that 

1 /'w.x ,^ ^ E[/5c/(0,y,a;)6+(y,w)dy] E [/5c/(0,y,a;)67(y,a;)dy] 
' bu{y)-ldy> 



\B5\ J IS^I supygB^(^.)E[5(c/(0,y,u;)] jS^] infygS5(x) ^[^[/(O, y, w)] ' 

Bs(x) 

(5.46) 

Denote with and D^, A; > 1, the successive returns of X. to B2r{x) and departures 
from B4r{x) defined similarly as in H4.3p and H4.4p . with Bi{x) and B2{x) replaced by 
B2r{x) and Biii{x) respectively. For y in U , define the associated operators: 

Rf{y) = Ey,^ [fiXR,), Ri < Tu] , Qf{y) = Ey^^ [fiXo,)] , T/(y) /(X,)ds]. 
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If (5 < 2R, successive applications of the strong Markov property show that 

/ gu{0,y,u;)fs{y)dy = Eo,^[ fsiXs)ds] = R{Id - QR)-^TfsiO). (5.47) 
Ju Jo 

In view of H5.46|l . it will be crucial to bound the above quantity from below and from 
above. In a first step, we derive bounds on the operators R and QR. For y £ U, we have 

inf f{z)Py,^[Ri<Tu] <Rf{y) < sup fiz)Py,^[Ri<Tu], (5.48) 

z(^dB2R{x) zedB2R{x) 

and hence, 

sup QRfiy) < sup Pz,oj[Ri < Tu] sup f{z), 

y&dB2R{x) z&dBiRix) zedB2R{x) , . 

inf QRfiy) > inf P,,^[Ri < Tu] inf /(z) . 

y&dB2R{x) z£dB4,R{x) zedB2R{x) 

We first derive a lower bound for H5.47|l . see (|5.52p below. Repeated applications of 
l^^rm and KWi yield 

R{Id-QR)-^Tfs{0) 

>PoARi<Tu]y,( inf P.ARi<Tu]y inf Tfsiz) 
^ \zedB4R{x) J zedB2R{x) 

. P0,Uj[Rl < Tu] ■ f f f \ ■ f rj^-, / \ 

~ S^PzGdBM^) PzARl > Tu] zeBsix) zeaB2R{x} ""^^^^^ 



(5.50) 



If 6 < 2R, we find by means of (EH) in Corollary O that 

inf , T1b,(^){z) > / inf gB,^^^){z,y,uj)dy > c\Bs\ . (5.51) 

z&dB2R{x) JBs{x) zedB2R(x) 

Combining H5.5r)|l and (|5.51|l . and using H5.47p . we see that 

j gu{Q,yMh{y)dy>c\Bs\ ^o..[-^i < inf /,(z). (5.52) 

Ju ^^Vz&dB4,R{x) ^z,Lu[^l > J^Ul zeBsix) 

We will now derive an upper bound on (|5.47p . see H5.54|l . If 6 < R, we find by another 
use of Corollary 16.31 that 

sup gB^j^(x){z,y,(^) < c. (5.53) 

z€dB2R{x),y€Bs{x) 

Proceeding in a similar fashion as in H5.5njl - (|5.52p . we obtain the upper bound 

/ guiO,y,u;)fs{y)dy<c\Bs\ . „ ^'^^^^'^^^^^^^ sup fs{z) . (5.54) 

Ju ^^T^zedBiRix) -t'^z,oj[J^l > J^Ul zeBs{x) 
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5 EXAMPLES OF CONDITION (T) 



We will now give a lower bound for the first term in the last line of H5.46jl . Applying 
H5.47|l with fs = bg' and using (|5.52|l . we see that 



E 



gu{0,y,uj)bj{y,u;)dy 



> c\Bs\E 



PoARi < Tu] 



inf bf{z,Lo) 



(5.55) 

Observe that Po,^[Ri < T^] = 1 if G B2Rix). Hence inf,ge^°;^l^pt![ii>T^] is 

measurable. Since mfz(zBg{x) b^i^-, ^) is ^5^(2^) -measurable, it follows forS<R and from 
finite range dependence, see H1.6|l . that these two random variables are P-independent, 
and hence (|5.55p equals 



c\Bs\E 



PoARi<Tu] 



^^Pz(^dB4R{x) Pz,io[Rl > Tu] 



E[ inf bj{z,u;)] 
zeBs(x) 



(5.56) 



The application of Harnack's inequality (see ^ p. 199) to the £tj-harmonic function 

P,ui[Ri > Tu] on B^r{x) \ B2r{x) shows that 



sup P,,^[Ri >Tu]<c inf P,,^[Ri > Tu] . 

z&dBinix) zedBmix) 

Together with an application of (|5.54p and l|5.47|l with fs = Ib^Cx); we obtain that H5.56jl 
is bigger than 



cE 



9u{0,y,uj)dy 

s{x) 



E[ inf bj{z,u;)] 

z€Bs{x) 

>c\Bs\E[ inf gu{0,y,iv)]E[ inf bj{z,oj)]. (5.57) 

yeBs{x) zeBsix) 



Finally, using (|5.55|1 - (|5.57|1 . we find that the first term in the right-hand side of (|5.46p is 
bigger than 

H^^^yeBsjx) guiO,y,uj)] . 

ci — 7 — TT E mf bJ(z,Loj\. (5.58) 

Hsupy^Bs{x)9u{0,y,u;)] 'z&Bs{x)^' 

By similar computations as carried out between (|5.55p and (|5.58p . we find as an upper 
bound for the second term in the right-hand side of H5.46p 



C2 / 77: ttE sup bg{z,u;)]. 5.59 

lE[mfj^eB^(x)9c/(0,y,w)] z&Bs{x) 

The continuity of gu{0,-,^) and of 6^(-,cu) in Bs{x), see lemma 1^1^ and (|1.3p . together 
with dominated convergence, and the translation invariance of the measure P, show that 

E[mi^Bs(x)9uiO,y,uj)] . 

hm ci— E[ mf bj{z,uj)] = ci E[(6(0, w) • /)+] , 5.60 

,5^0 E[sup^Bs{x) 9u[0,y,uj)] zeBsix) 
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and a similar identity for the term in (|5.59p . Inserting H5.58|l - (|5.6()p in H5.46p . and using 
.44|1 . we finally obtain 



h'u{x) • / > Cl E[(6(0, oj) • 0+ - t (KO, u;) • /)-] • (5.61) 
Hence, if (|5.4p holds with Ce'^= we see that there is an e > such that for all x as in 

h'u{x)-l>e. (5.62) 

We conclude that condition {K)\l holds, see (|5.23p . By means of Proposition [5^ condi- 
tion iT)\l holds, and Theorem 15.21 is proved. □ 

Remark 5.7. With the help of Theorem 15.21 it is easy to obtain concrete examples of 
diffusions fulfilling condition (T). For instance, when (6(0, u) • /)_ = 0, we find: 

Condition (T) holds when d>l and there is / G S'^~^ and 5 > 0, 

(5.63) 

such that 6(0, cj) • / > for all u; e J^, and ps = P[6(0, uj)-l>5]>Q. 

If there is 5 > such that ps = 1, this is in the spirit of the non-nestling case, which is 
in fact already covered by Proposition 15. 1| and else, of the marginal nestling case in the 
discrete setting, see Sznitman |31| . 

Of course. Theorem 15 . 21 also comprises more involved examples of condition (T) where 
6(0, a;) • I takes both positive and negative values for every I G S'^~^ . Hence, when d> 2, 
Theorem 15.21 provides examples of ballistic diffusions in random environment beyond 
previous knowledge. They correspond to the plain nestling case in |3T] . 



6 Appendix 

6.1 Bernstein's Inequality 

Recall the convention of the constants stated at the end of the Introduction. The following 
Lemma follows in essence from Bernstein's inequality (see [221 P^g^ 153-154). 

Lemma 6.1. OnMf^ we consider measurable functions a, b, with values in the space of symmetric 
matrices and in R'^ respectively, that satisfy for suitable v >1, and a > 0, 6 > 0, 

ilyP <5I«y(2^)y'% Ia(2;)|<a, \h{x)\<b, x,y^M.''. (6.1) 

We denote with C the operator attached to a and b, similarly as in and we assume that Px 

solves the martingale problem for L started at x inW^ . We denote with the corresponding 
expectation. Write {Xt)t>o for the canonical process on C([0, oo), M.'^), and let Zt = supj,<( \Xs — 
Xo\. Then, for every a > 0, there are two constants c{a) > and c{a) > 0, such that for large 
L, 

sup Px [Zc^L > L^] < ce-'-^' . (6.2) 
Further, for 7 G (0, 1] and for all a > 0, there exists a constant S{a) > such that 

snpEx[e^^^ <l + a. (6.3) 
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Proof. We obtain from the martingale problem that Mt — Xt — Xq — b (Xg) ds is a martingale. 
We compute the bracket (M*)t of the i-th component MJ: of Mt, 1 < i < d, and find {]VP)t — 
aii{Xs) ds. H6.1|l yields (M*)t < j/t, and with the help of Bernstein's inequality (see j2Z| page 
153-154) and a further application of (jOJ, it follows immediately that for large L, 

Px[ZaL > L^] < Px[ sup \Ms\ > (L^ - abL)] < 2de-^ , 

s<.aL 

which proves 116.211 . Since Zi < sup^^^^ |Ms| + 6, we obtain for < (5 < 1 that 

[e^^i ] < e^"" i?4exp{<5(sup \Ms\y}] 

S<1 

=e^'^' (l + S f dv e*" P^ [(sup |Af,|)^ > v]) < e''^^ (l + -^c) , 



<2(icxp{-i;T /{2du)} 

which proves Il6.3p . □ 
6.2 Bounds on the Green function 

The bounds on the transition density contained in the next Proposition will be crucial to derive 
bounds on the Green function. 

Proposition 6.2. Let Cui be as in and let assumptions U.2p - (T^}) be in force. Then 

the linear parabolic equation of second order ^ — Ci^u has a a unique fundamental solution 
Puit, X, y), and there are positive constants a, (3, a and a such that for t <\ 



K(i,x,y)|<^exp{-^M}, (6.4) 
and such that for \x — < at and t e (0, 1] 

pUt,x,y)> -jj/^ ■ (6-5) 

For the proof we refer the reader to The statements (4.16) and (4.75) therein correspond 
to 116. 4|l and Hfi.5|l . Recall the convention on the constants stated at the end of the Introduction. 
We obtain the following Corollary: 

Corollary 6.3. Assume and and let U be a bounded domain. There is a positive 

constant m{r, U) such that for all uj £Vt, and for all y,z ^ U with dist{y, dU) > r, dist{z, dU) > 

gu(y,z,uj)>m. (6.6) 

For y ^ z, define 

_ f|t/-z|2-'i, d> 3, 

There are positive constants a, c{U) such that for y, z G U , and all w e fi, 

\ahy{z) + c, ifd>2andy^z, 
gu{y,z,uj)<i -r, , (6-8) 

I c, if d = 1. 



6.2 Bounds on the Green function 
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Proof. Let x d U with dist(a;, dU) > r. Choose tg g (0, 1] such that ^/ato < | and for all t <to, 
^ exp{— ^1^} holds, and such that in addition the function t i-^ j^exp{—^^} is 



monotone increasing on {t : t < to}. Let p = niin(|, -y/ ato/S) and zq e Bp{x). Hence |Xtl,— zqI > 

|, and on the event {Tu < t < io}, the inequality Puj{t — Tu, Xtu , z) < exp { — follows 
from 116. 4|l and from the monotonicity mentioned above. Choose further S Bp{x), then 
\yo — zo\ < ^/ato/2, and hence, for t g {to/2, to), \yo — zo\ < \fai holds. By Duhamel's formula, 
see page 331, and by 116. 5|l . the subtransition density Puj,u{t, y, z) satisfies for yo, zo S Bp{x) 
and t e {to/2, to) 



Puj,u{t,yo,zo) =Poj{t,yo,ZQ) - Eyg^^[Tu < t,p^{t -Tu,Xtu,zo)] 
>:i7^exp{-|l^}>0. 



We will now prove Ij6.6ll . Since ?7 is a bounded domain, it follows from a standard chaining 
argument using lj6.H|l that there is a finite integer K{U) > such that for all y,z & U as above 
linSl, for ah t e {Kto/2, Kto) and for all w G O, 

Pu^,u{t,y,z)>c{r,K)>Q. (6.10) 

Since 

f-KU, 

gu{y,z,uj)> / p^,u{t,y,z)dt, 
the claim Hfi.6ll follows. To prove the upper bound Hfi.8|l . we write 

/•oo /•! ^ ^+1 

gu{y:Z,uj)^ Puj.u{t,y,z)dt < / p^{t,y,z)dt + ^ p^,u{t,y,z)dt . (6.11) 

With the help of (16. 411 . we find positive constants a, c such that 



p^(t,2;,z)di < < ... 1 (6-12) 

I c , if d = 1 . 

We obtain by a repeated use of the Chapman-Kolmogorov equation and by 116. 4|l . that for k >2, 



Pu.u{t,y,z)dt < I dv p^,u{l/2,y,v) sup / p^^u{t,v, z)dt 

veu . 



induction / \ \ ^ ^ ( j^X^l 



< SUpP„,i^[r;7 > -] sup / p„,(7(t,W,z)di<C SUpP„,c:j[T;7> 

\vi^u ^ / v&j J\ \veu 

Hence, with the help of the Support Theorem of Stroock-Varadhan, see P-25, or from a 
chaining argument using Ijfi.fill . the sum on the right-hand side of II6.11|I wih be smaller than 



— „ ^ 1. < c{U) < oo . (6.13) 

Combining ljoT|l . ijfiUll and (|6l3jl shows (jElHl- □ 
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